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The Non-Compact Quantum Dilogarithm and the
Baxter Equations
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A review of the recent formulation of the quantum discrete Liouville model in
the strongly coupled regime (corresponding to the Virasoro central charge
1 <¢<25) is presented. The Q-operator, describing the integrable structure of
the model and satisfying a pair of dual Baxter equations, is obtained as a certain
non-homogeneous transfer-matrix associated with the six-vertex model.
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1. INTRODUCTION

In the paper® the quantization problem of the discrete Liouville equa-
tion® has been considered in the framework of the algebraic approach
to quantum integrable models in 1+ 1 dimensional discrete space-time
developed in refs. 11, 12, 14, 15. It has been shown that the quantum dis-
crete Liouville model in the strongly coupled regime can be formulated as
a well defined quantum mechanical problem with unitary evolution operator.
The integrable structure of the model has been demonstrated by constructing
the Q-operator satisfying a pair of (dual) Baxter equations.®>®

The main purpose of this paper is to review and elaborate on some
technical details of the paper.® First, we remind briefly the main proper-
ties of the noncompact quantum dilogarithm, describe the Q-operator of
the quantum discrete Liouville model as well as the Baxter equations.
Then, the Q-operator (together with the derivation of the Baxter equations)
will be obtained as a specialization of the non-homogeneous transfer-
matrix associated with the six-vertex (XXZ) model. The idea of derivation
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of the Baxter equations, given in this paper, originally goes to Baxter him-
self.® In refs. 4, 7 it was realized in the context of the chiral Potts model,
and in refs. 1-3 in the context of quantum conformal field theory. The dual
Baxter equations in a different context were also considered recently by
Smirnov.*® Our derivation essentially coincides with that presented in
ref. 8. It is based on the use of non-ultra-local variables.

2. THE NON-COMPACT QUANTUM DILOGARITHM

In this section, following ref. 8 we review some properties of the non-com-
pact quantum dilogarithm, the main building element for the Q-operator.

Let complex b have a nonzero real part Rb#0. Denote c¢,=
(b+b~1)/2. The non-compact QDL, y(z), zeC, |Jz| <|Jc,|, is defined by
the formula

1 r+o e~ F%dx
V(z)=exp <_4 J_oo sinh(xb)Sinh(x/b)x> .

where the singularity at x =0 is put below the contour of integration. This
definition implies that (z) is unchanged under substitutions b—b~!,
b— —b. Using this symmetry, we choose b to lay in the first quadrant of
the complex plane, namely

RbH >0, J3b=0

which implies that Jc, > 0.

2.1. Functional Relations
Function (1) satisfies the “inversion” relation
Y(2) Y(—z) = e H 2 (2)
and a pair of functional equations
Wz +ibE1/2) = (1+e2*) y(z—ib*1)2) (3)

The latter equations enable us to extend definition of the QDL to the entire
complex plane.

When b is real or a pure phase, function y(z) is unitary in the sense
that

(Y(2))* =1/y(z*),  ifeither Jp=0, or |b|=1 (4)
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If self-adjoint operators p and q in L?(R) satisfy the Heisenberg commuta-
tion relations

1
[p.al=5 (5)

the following operator five term identity holds:

Y(a) Y(p)=v(p) ¥(p+q)y(a) (6)

For real b this can be proved in the C*-algebraic framework.? See ref. 8 for
the proof in the case of complex b by the use of the integral Ramanujan
identity.

2.2. Analytic Properties

Let 3b%>>0. We can perform the integration in (1) by the residue
method. The result can be written in the form

Y(z) = (2= ), f(eEH DB ) (7)
where
q — einsz q: e—inb’2
and
(x)e=]] 1=xp/), x,peC, |yl<l
j=0

Formula (7) defines a meromorphic function on the entire complex plane,
satisfying functional equations (2) and (3), with essential singularity at
infinity. So, it is the desired extension of definition (1). It is easy to read off
location of its poles and zeroes:

zeroes of (Y(z)) ' ={ £ (c, + mib+nib™"):m,neZ -}

The behavior at infinity depends on the direction along which the limit is
taken:

1 larg(z)| > m/2 + arg(b)
lp( )l ~ einz2+in(1+2c,2,)/6 |arg (z)|<7z/2—arg(b) (8)
== g(ip 1z —b7ING% 7)o larg z —7/2| < arg b
(4% 4°) o /O(ibz; b?) larg z 4+ m/2| <arg b

2S. L. Woronowicz: private communication, 1998,
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where the standard notation for the @-function is used:
@(Z; ‘L') = z einrn2+2ninz’ ST >0
ne”Z

Thus, for complex b, double quasi-periodic f-functions, generators of the
field of meromorphic functions on complex tori, describe the asymptotic
behavior of the non-compact QDL.

2.3. Integral Ramanujan Identity

Consider the following Fourier integral:

Y(x+u)

l/j(x " U) ezniwx dx (9)

Y(u, v, w) Ef

where

J(u+cp,) >0, I —v+c,)>0, J(u—v)<Iw<0 (10)
Restrictions (10) actually can be considerably relaxed by deforming the
integration path in the complex x plane, keeping the asymptotic directions
of the two ends within the sectors + (|arg x| —n/2) > arg b. So, the enlarged
in this way domain for the variables u, v, w has the form:

larg(iz)| <m —arg b, ze{w,u—v—w,v—u—2¢,} (11)

Integral (9) can be evaluated explicitly by the residue method, the result
being

Yu—vtcy) y(—w—cp) o —27iw(v — ) —in(1—4c})/12

Y(u, v, w) = Yu—v—w+c,)

(12)

_ lﬁ(v+w—u—6’b) 6727riw(u+cb)+i7z(l74c§)/12 (13)

Yo —u—cy) h(w+cp)

where the two expressions in the right hand side are related to each other
through the inversion relation (2). In ref. 8 this identity has been demon-
strated to be an integral counterpart of the Ramanujan ;y; summation
formula.
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2.4. Fourier Transformation of the QDL

Particular values of ¥(u, v, w) lead to the following Fourier transfor-
mation formulas for the QDL:

B 00 = | Y0 @™ de = P(0,0.0) ], oo

R

. . 2 . . 2
_ e—anwcb+|n(1—4cb)/12/lp(w+ Cb) _ e'”wz_'”(l_%b)/lzlﬁ(fwf Cb) (14)

and

B0 = | (W00) 7T = W, 0.0) | o

— o~ 2riwe, +in(1 —4c§)/12/l//( —w—cp)

zefinw2+iﬂ(1*4clzy)/12lﬁ(w+cb) .

The corresponding inverse transformations read:
WD =] guly) e dy (16)

where the pole at y =0 is surrounded from below.

3. QUANTUM DISCRETE LIOUVILLE MODEL

Referring for details to paper,® here we briefly describe the essentials
of the quantum discrete Liouville equation. It reads as

Wm,t+1Wm,t—1:(1+qwm+1,t)(1+qwm—l,t) (17)
where
m,te”Z, m+t=0 (mod?2)

dynamical variables w,, , are elements of the observable algebra (see
below), and ¢ =exp(inb?), b is the coupling constant (or square root
thereof).

The Virasoro central charge in the continuous limit is expected to be
given in terms of b by the standard formula

c=1+6(b+b"1)>
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3.1. Algebra of Observables

The algebra of observables is generated by a finite set of self-adjoint
operators {f,,, meZ}, satisfying the periodicity condition with period 2N,

frson =T N>1, N=1 (mod?2) (18)
and the defining commutation relations:

(=)™ 2ri)~Y,  if n=m=+1

19
0, otherwise (19)

[t =

The initial data for the field variables in (17) are just the exponentials of
the generating elements:?

_ 2nbf
Wm,*[m+1]z_e "

where
[m],=(1—(—1)")/2, VYmeZ (20)

The evolution operator U, satisfying U ~'w,, ,,U=w,, ,_,, has the form

N N
U=T]v(f) F [T v(fa_) (21)
j=1 k=1
where operator F changes signs of the generators:
Ff, = —f,F

m m

4. BAXTER EQUATIONS

The order in products with non-commuting entries will be indicated as
follows:

H a;=dpd, 1 Uy 14p,, 1_[ a; =0y dpy 1Ay 14y,

n=zizm m<i<n

Consider algebra %,, of operators with linear basis of the form
n eznifixi
1<i<2N

3 Because of the duality symmetry b« b~! in the theory, there actually exist two types of
exponential fields exp(2zb*'f,,) which satisfy two quantum Liouville equations.
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where self-adjoint operators f; satisfy commutation relations (19), and
variables x; take real or complex values.
The ascending cyclic product is a set of linear mappings,

+. : + _ A+
0" Bon = Bons JEZ, 0o =0,y

acting diagonally on basis monomials:

o 1-i— < n eszixi> = emeZle 1_[ eszixi = oj—|— < n eszixi>

1<i<2N 1<i<2N J<i<j+2N-—-1

Consider the transfer-matrices

where

<€—(—1)1nbilfj 0 >< o(— 1 abtly e—(—l)fnbilﬂ[j+1]2> (23)

+ = . : .
Lj = 0 e(—l)fnbtlfj e—(—l)fnbil,u e(—l)/nbtl,u

see also (20), and the trace is that of two-by-two matrices, and

Q= ( T1 went)s (24)
1<j<2N
where
i if i=0
ey (e — gy i,y = |V (25)
1, if i=1
and G is defined by its action on the generators:
Gf,=(-1"f,_.G (26)

These transfer-matrices commute among themselves

[t°(w), t*(n)]1=[Q(p), Q) ]=[t*(u), Q(v)] =0, e==
and solve the following Baxter equations:

t£(1) Qu) = Qu +ib*'/2) + (1 —e = )N Q(u —ib*')2) (27)
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A remark is in order. The product of two neighboring L-operators
L;;L5; ., is equivalent to the spectral parameter dependent L-operator
introduced in ref. 10 for the description of the Liouville equation in the
framework of inverse scattering method.

4.1. Connection to the Evolution Operator

The evolution operator for the lattice Liouville equation (17) is related
to the Baxter operator through the following formula:

U~'=(Q(0))*P (28)
where P and F act on generators according to formulae

Ff,=—f,F,  Pf,=f,,,P

m

and are given by integer powers of the operator G:
F=G2N P=G—2N—2

The Q-operator (24) commutes with operator G. That means Q(u) is
the generating function of conserved quantities for the quantum discrete
Liouville equation:

(U, Q(u)]=0

Moreover, it is clear that the spectrum of the evolution operator is
straightforwardly determined from the spectrum of the Q-operator.

5. DERIVATION OF THE BAXTER EQUATIONS

For any positive integer M we define algebra .7, with linear basis of
the form [,,.,., ¢>™, where self-adjoint operators {a;};cz, @4y =2,
satisfy the “lattice current algebra” relations:

(2zi) L, if n=m+1

[am’a"]:{o, it m—n|#1

and variables x; take real or complex values.
Define the descending cyclic product as a set of invertible linear map-
pings

0 & Ay — Ay, JEZ, 07 =0/,
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diagonally acting on basis monomials:
O; < l_[ eZniaixi> = 6727zix1xM l_[ eZniaixt- = Oj7 < n eZniaixi>
Mziz1 Mziz1 JAM—1zizj

The usual product of two cyclic products can be written as a single cyclic
product

— 2r7ia;x; — 2r7ia; y;
or (11 e)or (1 o)
M=z=iz=1 M=j=>1

=

— e27zi(xl yM+xMy1)ol— (( e27ria,-x,-> 1_[ e2niajyj> (29)
M=iz1 M=j=1
=e2nixMylol— << 1_[ e27ziaixi> eZniaMyMe27zia1xl l_[ e27zia]-y]-> (30)
M=iz2 M—-1=j =1
=eZnixMylol— <e2niaMxM< H e2niai_1xi_1 e2nia,~yi> eZnial y1> (31)
M=iz=2

First, we shall derive the Baxter equations in the most general form,
and then identify the case, corresponding to the quantum discrete Liouville
model, as a particular (limiting) case.

Define completely non-homogeneous transfer-matrices

TEu)=oy Tr [] 4fF

M=j>1
efnbilaj 0 enbtl(zaj+ﬂ) enbil(Zﬂjf,u)

+ _

Aj - 0 enbilaj enbil(zyj—ﬂ) enbil(26j+,u) (32)

where u, a;, B, 7;,6;, 1 < j< M, are complex parameters, and

sp=or (T Wiway )P,
M>j>1
Y(x+u+d,—p;) p2mix(1+ o —f)
Y(x—p+y—ay)

W;(u, x) (33)

and P, is the translation operator in the algebra <7,

_ M _
PMMaj_ajHPMM, PM,M_I



932 Kashaev

Lemma 1. The following Baxter equations are satisfied:
M
T () 2(u) = 2(u +ib*1)2) 1‘[ o™t e+ )
- |
+2(u—ib*1)2) 1_[ 2sinh(nb*'(2u +0,)) ™'+ (34)

where o, =, +6,— B, —;
Proof. To begin with, note that the following equations hold:

A2 Wi, a;)=ReA°_ |, e=+ (35)
where
R‘?:<W,-(,u,a,--l—ibg/Z) 0 - >’ b, =p*!
! 0 Wi (u,a,—ib,/2) *
Next, introducing expansions
Ai= Y 1ix) e (306)

x= tib,/2

we calculate
T () 2Au) Pt

—or Tr Y e (x) < [T 45, Wi a,~>> Wi, a; +x)
x=+ib,/2 M=i=2
—we have used formula (31) for the product of two cyclic products—
=o; Tr ) e (x) RL( 11 AfR‘::> AW, a1 +x)
x= +tib,/2 M—1=i=2
—Eq. (35) has been applied M — 2 times—
—o; Tr Y ASWi(u ap+x) ™ (x) RS,  [[  A°RS
x= +ib,/2 M—1>i>2
—we have moved operator AW, (u,a;+x) to the leftmost position by

using simultaneously cyclic properties of the trace and the cyclic product—

—o; Tr Y A5e¥lS(x) Wi(ua;) RS, ||  A°RS

x=+ib,/2 M—1>i>2
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—operator W,(u, a;) has changed its position by two steps to the right—
—o5 Te iy Wi Ry, T[] AiR;)
M—-1=i=2

—now we have taken off the expansion (36)—

=o; Tr ][ AiRé=o; Tr [] £

M=iz1 M=iz1

we have applied one more time Eq. (35), brought operator 4¢R? back to
the rightmost position, and made the gauge transformation of the form

L, (1 oy /1 0
gi_(l 1>A"R"<—1 1>

_ <A: Wip—ib,/2.a,) Wi a;—ib,/2) e—”be@f”—zﬂf))
- 0 AF Wip+ib,/2, a,)

A7 =2 sinh(nb,(2u + ;) ™7+, A = et h)
The right hand side of the Baxter relations now follows easily. |

Let us choose now M =3N. Define two sets of parameters
X={oy_1,0y_ 1,05 5 | I<j<N}
and
Y={a;, By 0 | 1<i<SMINT

For any complex a and any set of complex numbers S we shall denote by
S — a the limit where each element of S approaches a.

Lemma 2. Operators 7 *(u) and

o—imutay_1—yy ? (33)

—=

2 ) = 2(p)

Jj=1

are nonsingular in the limit, when 2 - — oo and % — 0, and the corre-
sponding limiting operators, 7 i (u) and 2§(u), satisfy the following
Baxter equations:

abtl ibtl ren

et NPT T (1) 25 (1)

= 2%+ ihE2) + (1 — e 4= m)N gren( _ipE1n)  (37)

lim
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Proof. The non-singularity of the limit is easily seen from the defini-
tions (32) and (33) of the operators, and the behavior of the QDL at
infinity described by Eq. (8). Baxter equations (37) for the limiting
operators are just the limits of Eq. (34). |

Define a faithful, star-structure preserving homomorphism of algebras
K: By = Sy
by its action on the generators:
for>a_s, fop1a 3 ,—a_ 5 (38)

Additionally, define the image of the flip-shift operator G (see Eq. (26)) by
the formula:

N
G ,£,< 1—[ eina%j—l) P%N (39)
Jj=1
Lemma 3. Mapping x is such that
tE (p) ¥ @™V BER g (1) (40)
Q(p) ¥ eV +260/6 gren ) (41)

where Q(u) and t*(u) are defined by Egs. (22)—(25).

Proof. Let ¢= +. First, we have compatible cyclic products:

+ —a— + —n—
K203 |4, =01 _3ilay, o, K05 1lm, =0 5|,k (42)
Next, it is easily seen that

lim A5 =n(L% )
X —0, ¥ >0

b (u +ib,/4) : & & _ &
e o lim A% A5 o =r(L% )
X —> —0,%—>0

This proves Eq. (40). Finally, we have

. 2 L2

eI 2e I (u) =0 < [T wolu ay)e™v-1wy(u, a3j—2)> Py
N=j=1

—we have used notation (25)—

N s 2
=0, < [T wolu as) wiu, a3j—2_a3j—l)> < 11 ema3jl> Py

N=z1>=1
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—we have pulled all the Gaussian exponentials out of the cyclic product—

=000K< [1 sz(ﬂ,f;)>K(G)=K(0(u))

1<j<2N

Here we have replaced operator wgy(u, asy) from the leftmost to the right-
most position (simultaneously replacing o; by o, ), then used definitions
(38) and (39), and applied the second formula in Egs. (42) at i=0. |

ACKNOWLEDGMENTS

The material of this paper is based on the results obtained in
collaboration with L. D. Faddeev and A. Yu. Volkov. It is a pleasure to
thank them for cooperation. I am grateful to V. V. Bazhanov, V. V.
Mangazeev, F. A. Smirnov, Yu. G. Stroganov, and P. Wiegmann for dis-
cussions. I would also like to thank R. J. Baxter and V. V. Bazhanov for
their hospitality in Australian National University. This work is supported
in part by RFBR grant 99-01-00101, INTAS grant 99-01705, and Finnish
Academy.

REFERENCES

1. V. V. Bazhanov, S. L. Lukyanov, and A. B. Zamolodchikov, Integrable structure of con-
formal field theory, quantum KdV theory and thermodynamic Bethe ansatz, Commun.
Math. Phys. 177:381 (1996), hep-th/9412229.

2. V. V. Bazhanov, S. L. Lukyanov, and A. B. Zamolodchikov, Integrable structure of con-
formal field theory II: Q-operator and DDV equation, Commun. Math. Phys. 190:247
(1997), hep-th/9604044.

3. V. V. Bazhanov, S. L. Lukyanov, and A. B. Zamolodchikov, Integrable structure of con-
formal field theory III: The Yang-Baxter relation, Commun. Math. Phys. 200:297 (1999),
hepth/9805008.

4. V. V. Bazhanov and Yu. G. Stroganov, Chiral Potts model as a descendant of the six-
vertex model, J. Stat. Phys. 59:799-817 (1990).

5. R. J. Baxter, Partition function of the eight-vertex model, Ann. Phys. 70:193-228 (1972).

6. R. J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, London,
1982).

7. R. J. Baxter, V. V. Bazhanov, and J. H. H. Perk, Int. J. Mod. Phys. B 4:803-870 (1990).

8. L. D. Faddeev, R. M. Kashaev, and A. Yu. Volkov, Towards the strongly coupled quan-
tum Liouville theory (in preparation).

9. L. D. Faddeev and L. A. Takhtajan, Liouville model on the lattice. In Field Theory, Quan-
tum Gravity and Strings, Proceedings, Meudon and Paris VI, France 1984/85, Lecture
Notes in Physics, Vol. 246, H. J. de Vega and N. Sanchez, eds. (Springer, Berlin, 1986).

10. L. D. Faddeev and O. Tirkkonen, Connections of the Liouville model and XXZ spin
chain, Nucl. Phys. B 453[ FS]:647-669 (1995), hep-th/9506023.



936 Kashaev

11. L. D. Faddeev and A. Yu. Volkov, Abelian current algebra and the Virasoro algebra on
the lattice, Phys. Lett. B 315:311-318 (1993).

12. L. D. Faddeev and A. Yu. Volkov, Hirota equation as an example of integrable symplectic
map, Lett. Math. Phys. 32:125-136 (1994).

13. F. A. Smirnov, Dual Baxter equations and quantization of Affine Jacobian. Preprint
LPTHE00-04, math-ph/0001032.

14. A. Yu. Volkov, g-combinatorics and quantum integrability. Preprint g-alg/9702007.

15. A. Yu. Volkov, Quantum lattice KdV equation, Lett. Math. Phys. 39:313-329 (1997).



